
Poincare duality
51. Rough idea : M"manifold , yquokM transverse Call compact,

orented
,

smooth).
-

At each PEYnE , we have TpY &TpE = TpM.

Def. Intersection number

Y . 7= gu(p) , sgulp)E*T
This descends to a bilinear pairing on homology :

i : Hk(M) e Hnk(M) - X I Note we'll always mean

[Y] [t] 1 Y. 2
. Hk(m)/trusion.

(Ruy Given atHz(M") ,
take -E with(E) = a. A generic smooth section

is
S: M-E will have 510) <M a surface [ with (2]= e(e) + a(t) + a

.)
Q: What can we say about this pairing?

Th (Poincare duality) i is nogenerate : if :(x ,B)= 0 XB then =O.

Exercise
if no zik then His(M)@H(M)- x

is Ssymmetric if k even

antisymmetricif odd

The equivalence class (Hr(M) ,
i) is an invariant of M.

When n= 4 :
· signature +(M) : < r(i) EX is a bordism invariant.
-

· M smooth , i negative definite ) it's diagonalizable! (Donaldson

Fade if not smooth
, e.

g. Eg manifold (Freedman).

32hamcohamdoymetis a section of NTAM :

it's a multilinear, alternating from TpMo ...@TpM-IR XpeM .

--

The space &"(M) of kforms comes with

· wedge product ↑/MIR(m)- 2
**P(M)

· exterior derivative d : 22 " (M) -2** (M) .



satisfying :XB = (1)
/
na , dB) = danB + (1) and ,

50 -

These can be defined in local coordinates: on we have

(IR) =

Span & Fdxi , n ... ndxin / fitM, 18 iz... *]
with (faxi

,
n ...ndxi)n (gdxj,n ---ndxpe) +fgdxin ... ndxindxy,

a ... ndxje

and difdxin-ndxic) - Ifa dxi-ndxik
- [dxj) adxin. ndxik

We extend integration from IR" to M : given a sebmanfold XK. M,

S : RK(M1 - R .

X

#okes's thi if net" /M) then Ida-Sa -

X &X

Re xcR"(M) is egged if desc

exayt if a=de for some Berk (M)

The

de hamchongusing
(By the Leibniz rule

, (HER(M) , n) is actually a graded ring
!)

Exercise Use Stokes' theorem to prove that there is a well-defined
bilinear pairing Hr(M)@HER(M)-# [X] @ [w]- Sw.

Assume that every class in His(M; *) has a smooth representative

& A Oform fiMEIR is closed #) df=0 <) & locally constant -

No exact O-forms except O ,
so He(M) components of M

-

*If n> dim (M) then"(M) = 0
,

so Han(M) = 0
.

& RIIR) + Efdx3 · All such forms are exact
,

so HERIR)=0 :

let g(x) = 1.f(x)d+ xdg= g(x)dx = fdx .



PoincareKemma His It k+ 0 for all m.E Oka
Proof Induct on n . By assumption all closed keforms (131)

on 14 are exact
,

so look at werP (1R*+ 1) .

We can write w = x + dtnBt(t= xm+1)

We construct2 (2) with + Bt : unds ·

Then dut-don'tdane
- dra 1+ + d+ +B

s w-dnt = ax- d,punt ,

# w is closed then d(17-dnM) =0

=> (az- d,rny+ ) = 0 (nodt - tem !)
=> at-dipant defines a closed Ke form on A",

independent of t

By induction 55EM(IR) with ding-at-diM-
and then d(u++ 3) = w , so w is exact . A

Variant construction : MECM) =

-empactly supported K- forms on M.
-

mo compactly supported cohomology HE(M) : = Ker(d)/m (0)
# Ker (d :Mill) ->M(R")) = 0

,
since constant + compact support =C 0.

So HillR) = 0
.

Eye prove thatNeh (He) is exactf S =0

Conclude that He(IR) = IR .

Pencorekamma
, part 2: HClun) E IR Kn

G otherwise



&3 Picareduality
&m There is a perfect pairing Hi(M) H (m) -> R

[a]o[p3-Sap
Equivalently : there is an isomorphism

PD : HI(M) = G(M))
*

[a]t+fan--

#Sketch Let U+ 51 :3 be a good cover of M ; induction (2) .

((u)+1 means MMIR" : it's the Poincare Lemma .

Write U = UU . . . Uma ,
V=Um and consider the

Mayer-Victoris sequence for M=UoV :

. - -
> HR(UnV)-> H((M)+ HP(u)oH

P
(v)+ Hk(unv)+ ..

-

IPDEPD LPDIPDIPD
- > H**(iv)-/- )*HK(v)

*
- Hk(unv)*.-

and the PD maps for UnV
,

U
,
V are isomorphisms,

so we

apply the fire lemme to conclude the same for M.

There is a version of this for homology as well :

We compose S : HiM)- HMI*, [XJLS
X

with the inverse of PD : H(M) EC HMS
, SBJKS-1p

to get alnear map n: Hi (M) -+ H (M)
[x] [x]

such that Sa = Janex for all [JcH(X.



↑m (Pancare duality , again)
The map n: Hism) -+ H*KCM) is an isomorphism

&: can we construct the map on explicitly?

# let X
&
CM". Then X has a tubular neighborhood

N(X) Xx[1 , 1]

Refine a 1-form ux an M by

E #(x)p(v) = 0, pfN(X)

9)Aldt , ps(x,t)eN(X) -

Then &M+ O
,

so we get a class [EH'c (X) ·

Given [aJe H
*(M)

, we now have

Sa = Can dd-Snux an,as
XX( ) ,3

so [x] is the Poincare dual of X.

Same idea works for any X
*CM" with trivial normal bundle,

or equivalently a product tubular neighborhood N(X) = XXIRNK .

The general case is harder, but we still get ux supported in N(X).

On each normal fiber NpX it looks like a bump function with volume 1-

54tersection forms
&

EXercise

I
&

show that if I'CM is transverse toXFSex = X .
Y.

Hint : work in explicit coordinates near

a single point peXnt. Xx[y1]



Suppose that XK ,
yok <2 meet transmesely.

We have closed forms xM)
, yy& (M)

with [Mx] and [hy] Poincare doal to X and Y-

The wedge product Mx11y is only nonzero on

N(X(V) : near any point peXnY ,
we have local

coordinates X = &xH =X+S ...

= X = 03
y = GX1 = xz= ...

= xx= 03
with Mx= dy(x*x ,

.... xn] dx , d ... ndxk (S.x =3)

My= &(xim ,
X 11) dxxin . -NdXn- ((ty =3)

Then Suxy =

Sb if ToXTpYsTMN(p) - ↳ i TpX@TpY5-TpM

is the sign of the intersection XnY at p.

Sum over p,
and we have

Im X . Ys Suxany
M

In other words
,
Poincave diality identifies the

wedge product on HERIM) with the intersection

productan Ha(M)


